In this paper, as an extension of Ref. [13] , several control strategies to generate a required number density of a selfpropelled 'smart dust' swarm are considered through a partial differential continuity equation. Again, building on Ref. [13] , an azimuthally symmetric swarm is considered in Section II whose number density is a function of orbit radius and time only. According to the specific actuators providing control, the strategies developed are classified as a single-device and boundary controller, respectively. For the first type, provided by modulating a single device's lightness number and pitch angle, both open-loop and closed-loop forms are derived from the characteristic curves of the homogeneous continuity equation in Section III.I. For the second type, using active device deposition, both open-loop and closed-loop forms are derived by maintaining the required total number of devices in the swarm with on-orbit failures in Section III.II. Numerical simulations are implemented in Section IV which demonstrate that the combination of single-device and boundary controllers can drive the swarm number density to a required distribution, even considering on-orbit failures. It is also concluded that the controllers developed are robust with respect to uncertainty in the initial data used for the continuity equation.
II. Continuum Evolution Model of Swarm Density
A swarm of 'smart dust' devices distributed in heliocentric orbit is investigated by modelling the dynamical evolution of the swarm number density. Different from classical orbital dynamics formulated using ODEs, the swarm density is described by two independent variables of position and time, which requires the use of PDEs.
An azimuthally symmetric swarm model developed by McInnes [13] is considered whose number density is a function of orbit radius and time only. Similar to modelling the evolution of interplanetary dust [7, 8] , nano-satellite constellations [9] and high area-to-mass spacecraft [12, 13] , the continuum evolution of the swarm can be obtained from a continuity equation linking the swarm density and the velocity vector field of the flow of 'smart dust' devices, as [11]   -n n n t
where n represents the swarm density,  is the gradient operator on the solution space, in this case the orbit radius r(t), v is velocity vector of a single device, which is assumed a function of the orbit radius r(t) only, and  n  and -n  represent the sources and the sinks of the PDE system which model the injection of new devices and the removal of devices due to on-orbit failures. Generally, the failure of devices will occur with a fixed probability such that
where >0 is the mean device failure rate. The realistic deposition of new devices is from a dispenser, defined here by the Dirac delta function as
where r represents the radius of the Earth's orbit and C is the deposition rate which is considered as a boundary controller in Section III.II.
The orbit evolution of a single device follows the model of Ref. [13] 
where 0=0.01 and =0.10, for example using an electrochromic coating. Thus, following Ref. [13] , the evolution of a single device on a quasi-circular spiral trajectory is defined by the inward or outward radial speed
where the intermediate variable  provides a link between the controllers developed in Section III and the controllable variables  and , which, from Ref. [13] is given by
where [-90
0 ] is the pitch angle of the device relative to the Sun-line. The range of  can then be defined as
where max=0+.Both  and  are considered as the two control variables to drive the actual swarm number density n() to some required distribution nreq() asymptotically at infinite time. Therefore, again following Ref. [13] , the continuum evolution of the density defined by Eq. (1) can be simplified as
where (′) is defined as differentiation with respect to ξ. If both the source and sink terms are ignored in this equation, it is referred as the homogeneous evolution model. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Solutions to the continuum evolution equation can be achieved by propagating the initial data for the swarm forward to describe the evolution of n as a function of both  and . The initial data function is defined as
for illustration in Refs. [9, 13] . According to Section III.I, the analytic solution to the homogeneous model depends on the specific initial data function n0(). An extension of the constant initial data is achieved in this paper by introducing an example radius-dependent initial data n0() with the following form
where  is a free parameter denoting the difference from the original initial data with   1 0   n used in Ref. [13] . 
where  is the weighting factor between  and . Therefore, the procedure for obtaining  and  from |, at any radius and time can be classified as a nonlinear constrained optimization with Eq. (5) as the constraint such that
., . min t s J (10) where the functions "fmincon" and "confuneq" in MATLAB  can deal with such optimizations, providing the actual controls required as a function of both radius and time.
III. Control Strategies for the Evolution of Swarm Density
Different types of passive swarms have been investigated, such as nanosatellites by McInnes [9] and McInnes and
Colombo [10] , and debris by Letizia et al [11] . However the smart dust devices considered in this paper are assumed to be actively controlled through modulation of their lightness number  and pitch angle  defined by Eq. (5). Furthermore, since all devices are assumed to be active rather than passive, a required distribution of swarm density can in principle
be delivered through open-loop or closed-loop controllers, developed in Section III.I. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Moreover, the device deposition strategies proposed in Section III.II are considered to compensate for on-orbit failures, which act as a boundary controller in the classical PDE control problem. Compared with the active device controllers for individual devices in Section III.I, the boundary control is provided by the macroscopic deposition of new devices.
III.I. Open-loop and Closed-loop Device Controllers for a Homogeneous Continuity Equation
Analytic closed-form solutions to the continuity equation modelling the evolution of nanosatellite constellations [9, 10] , high area-to-mass objects [12] and 'smart dust' in heliocentric orbit can be derived using the method of characteristics. Thus, the standard method proposed by McInnes [13] is introduced to investigate the evolution of a swarm in heliocentric orbit.
Firstly, considering the homogeneous case with a sink term   0
and source term
, the motion of a single device defined by Eq. (4) allows simplification of the partial differential Eq. (7) as
Along the characteristic curves, the partial differential equation degenerates into two ordinary differential equations (13) Then, substituting from Eq. (4) yields the family of characteristic functions
Therefore, the general solution of the original partial differential equation can be written as
where an arbitrary function of the characteristic equation 
. The full density equation will now contribute to the derivation of both the openloop and closed-loop controllers for the swarm of devices. The required distribution of swarm density nreq(), which depends on orbit radius only, and defines the control target of both controllers discussed above, is defined as
To 
) will be employed in this paper. Therefore, one form of the open-loop control can be found as
where K1>0 can be used to accelerate or decelerate the convergence rate of the density n(,) to the required density
<()) or decreasing (when  3/2 >()) with respect to time .
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Thus, the absolute value of (,β) reaches its maximum at =0, which cannot be beyond the boundary of  defined by Eq. (6). Thus, it can be shown that
To check the stability of the open-loop control, Eq. (19) is substituted into the full swarm density Eq. (16) and then the limit of n(,) at + is derived as 
and is then substituted into Eq. (22) to yield
Thus, differentiating Eq. (25) with respect to time  only it can be shown that
where the term
is independent of time  and can be added into the differentiation.
Then, for a coefficient K2>0, the closed-loop control can be determined from Eq. (26) to ensure convergence to the required swam density so that
and by analogy with a damped first order system for some variable
, where again K2>0 can be used to accelerate or decelerate the convergence rate of the density n(,) to the required density nreq(). Due to the fact that 
To prove the asymptotic stability of the closed-loop control by the Lyapunov method, the following Lyapunov function is defined as 
and so differentiating with respect to time yields
The time-derivative of the Lyapunov function therefore becomes
(33) [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and substituting Eq. (27) into (33) yields 
For the initial data used in this paper defined by Eq. 
III.II. Boundary Control for On-orbit Failures
Due to the fact that on-orbit failures within a swarm will decrease the total number of devices, new devices should be supplied to the swarm to maintain the required distribution. Thus, according to the definition of swarm number density given by McInnes [9, 13] , the total number of swarm devices is defined as
where 1 >0 is chosen to avoid a singular integral, where 1=0.01 in this paper.
The sink term
in Eq. (7) 
 
11 -20 where  is the Dirac delta function, and C is some undetermined coefficient. Thus, the source term in Eq. (7) tends to zero, as well as other terms in the device controllers, and the source and sink terms are expected to be in balance such that  
. The magnitude of the source term can therefore be defined as
A closed-loop strategy can then be derived based on the idea of eliminating the difference between the total number at any moment N() and the required total number. Thus, as a feedback of the current total number of devices in the swarm N(), the magnitude of the source term can be defined as
where K3<0 can again be used to accelerate or decelerate the convergence rate of the density n(,) to the required density nreq().
It is found to be quite difficult to maintain the total number N during stabilization due to the errors between the actual and required densities. Instead, a balancing state is achieved through the sink and source terms so that the rate of change of the total number of devices is zero, i.e., the total number of devices is stable, but not necessarily equal to the initial number of devices.
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IV. Numerical Simulations
Numerical simulations are now implemented to evaluate the effectiveness of both the single device and deposition controllers developed in Section III, of which the significant parameters are set as follows. Firstly, the parameter  of the initial data function n0 is taken as 0.01 in most of scenarios, except for numerical investigations on robustness with respect to the initial data. For numerical implementation, a finite limit on  is defined, such that 1] , 0 (   . Secondly, the tolerance value 2 of the iteration algorithm proposed in the Appendix is selected as 110 -7 . Thirdly, the on-orbit failure rate is set as =110 (7) numerically, where the simulation steps of time and radius are set as 110 -2 and 110 -3 , respectively. Moreover, to assess the control error of the controllers, the relative error of number density is defined as
where a 15 year integration time is adopted.
Distributed swarms have potential applications in providing simultaneous multi-point solar field and particle measurements and so a uniform number density can be used n(,0)=1, i.e., =0, as adopted by McInnes [9, 13] . However, as a non-uniform test case a distribution with peaks at the two inferior planets, i.e., Mercury and Venus, is adopted, shown as the red dashed line in Fig.1 . By polynomial fitting, the blue solid line will provide the required distribution    req n to drive the stabilization of the swarm number density using the proposed controllers.
13-20 Thus, the optimized control allocations of lightness number and pitch angle show slow rates of change of  and  to make the stabilization strategies realizable.
15-20 Using the same controller, the relative errors of the stabilized density in the different scenarios parameterized by  are shown in Fig.8 . The maximum relative errors stabilized by the designed controller under the actual initial data parameter =0.01 is 3%, the maximum under the parameter =0.1 is 5%, the maximum under the parameter=0.2 is 11%, the maximum under the parameter=0.3 is 16%, and the maximum under the parameter=0.4 is 22%. Thus, it is can be seen that the controller developed is robust with respect to small variations in the initial data. 
V. Conclusion
Distributed 'smart dust' swarms have potential applications in providing simultaneous multi-point field and particle measurements through self-propelled micro-electromechanical-system (MEMs)-scale devices in heliocentric orbit. The orbital evolution of the number density of such a swarm was investigated by a continuity partial differential equation (PDE), instead of an ordinary differential equation (ODE), with stabilization strategies investigated to drive the swarm to some required number density distribution. Due to solar radiation pressure (SRP), the single-device controller provided the required lightness number and pitch angle which were derived from the characteristic curves of the homogeneous system; however, a boundary control provided by the deposition of new devices was also derived from the total number of devices in the swarm. The former works as a 'water pump' to drive the swarm number density and its required distribution, while the latter acts as a 'water pump' at Earth orbit to supply new devices to offset on-orbit failures.
Thus, rather than a uniform distribution, a non-uniform distribution was adopted with peaks in density at Venus and Mercury as an example in this paper. The four stabilization strategies for the swarm number density distribution developed, i.e., the open-loop and closed-loop controllers for the homogeneous system and the open-loop and closedloop controls for the nonhomogeneous system, can drive the swarm to any required distribution with control errors of 3%, 4.5%, 6% and 8%, respectively. The closed-loop controllers with asymptotic stability achieve smaller errors than the open-loop ones. Due to the constraints on the device lightness number and attitude angle, the selections of control gains are derived analytically as well as the selection of the two parameters  and  by an optimization technique. It was demonstrated numerically that the controllers are robust with respect to variations in the initial data, even if the controller depends on the initial data itself. [18] [19] [20] 
